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　The following Hypothesis （Ａ）is perhaps true and has been proved under the
condition Ｍ or Ｇ/Ｍ is soluble by Ｈ. Zassenhaus l）.
　Hypothesis (A). Let M be ａ normal subgroup of a finite group Ｇ with index
prime to its order. Then all the representative groups of G over Ｍ　ａｒｅconjugate.
　In this note we want to reduce Hypothesis (A) a little and also to show ａ
sufficient condition for Hypothesis （Ａ）h01ds.
　Theorem １. Hypothesis （Ａ）is reduced to the following Hypothesis （Ｂ）.
　Hypothesis (B). Let Ｍ be ａ normal subgroup of ａ finite group Ｇ with index
prime to its order. If Ａ４and GIM are both simple, then all the representative
groups of G over M are conjugate･
　Proof. We shall show that Hypothesis （Ａ）holds in general under the assump･
tion that Hypothesis （Ｂ）holds.Ｌｅt Ｈ and 尺be two representative groups,
Ｇ＝ＨＭ=KM.　We shall provｅ 　Ｈ　ａｎｄ尺are conjugate in Ｇ by induction over
the order of G. We consider two cases : (1) H is not simple and (2) His simple.
　Case 1. H is not simple.
　Let Ａ be ａ normal subgroup of H. Then A is isomorphic to 召＝尺∩λ几
where召is　normal in 尺and AM=BM.　Let us denote by A the conjugate
subgroup ni ^Am of Ａ and Ｎ≪(A) the normalizer of λｉｎ Ｇ. Applying induction
to AM, follows召= A"' with an element ｍ of M. From H, Kぶ１⊂凡（ﾉ1）folloｗｓ
　　　　　　　　　　　　　　　　　　　　　　　　　　　四　　　　　　　　　　　　　・by induction applied to NAA)/A that 亙’‘＝尺'""'with an element　n of　Ｎ≪（Ａ）
1) H. Zassenhaus, Lehrbuch der Gruppentheorie, 1937. p. 126～1/]. In this･note
　we shall call the theorem Zassenhaus' Theorem.　　　/
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and theｒｅｆｏｒｅ尺＝Ｈ？with ｎｍ＆Ｇ.
　　Case 2. Ｈ　Vｓsimple.
　　By the assumption that Hypothesis (B) holds, we have only to prove in the
　　　　　　　　i　　　　l　　.　I　●j　.1，|ゝ141　　　　　　　　￥　　　’j　　　●case M ’isnot simple.
　　(a) A･fis not ａ minimaトnormal subgroup of Ｇ.
　　　　　　　　　　　　　　　　　-･　　　　　　　・Letsubgroup 沢ｏｆ Ａ４be ａ minimal normal subgroup of G. Applying induction
to G/R, we have 尺尺＝（八限）゛Witｈ an element ?７１of Ｍ， that is, 尺尺=//"'R.
　　　　　　　　　　　　　卜　　　・●　　　　1　　，1Applying induction to H R again, we have ど゛゛゛＝尺with an element 7- of 尺.
　　(b) M is ａ minimal normal subgroup of Ｇ.
　The center Z of j･f is also ｎむ!rmal in Ｇ and Ｚ⊆M, so that Z = M or Z = £.
If Z斗石then M is ｃｏｍｍリtativeand every Sylow subgroup of M is norma卜ｎ
G. Hence M must be かgroup. If'M isf>-ｇｌoup, K andＨ　ａｒｅ conjugate by
Zassenhaus' Theorem. Thus let uがassume M is notf>-ｇｒｏｕp｡
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　Now　let　？　be　ａ　倉Sｙloｗ　subgroup　of　jx･f. Then　？ is　not normal in 八鴫
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otherwise P would be normal in Ｇ. We have Ｇ＝1＼ら(？)M2).Ｆｒｏｍ Ｎｊ,I）)/７ＶＧ
(j）|)∩訂一犬Ｇ/Ｍ and Schur's Ｔ臨９ｒJm3)，therｅ exists万ａ subgroup Ｆ which is
contained in Ｎ。(杓and isomorphic to H.ぺA^e shall show -that K is conjugate to
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Ｆ.　　　　　　　　　　　　　　　　‘Ｉ
　Ｌｅt£be ａ minimal normal subgroup of A･I. Since L is not normal in Ｇ，
八＝Ｎ。(£)is not equal･ ｔｏＦ。From the decomposition Ｆ＝弓y1十弓八十…十Ｆげい
/i =e. we havｅ　!VI=Ｌ
ylｘふ× x：Ｉ畑
2，…μ）isa 7･-Sylow subgroup of ど
？， へ×？
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The intersection Ｆｎ£几＝？ 几Ｇ＝1，
' and normal in p. Therefore we obtain ？＝
2×‘･xpご゜. For each element ｇ of 篤(弓)゛'e put ｇニｙ7jも／ＥＦ･
･iｒｉＳＭ. From P
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‘where
P is contained in £ｙ and P1゛‾l　is in　£
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follows L゜£･therefore ｙＥＦ１⊂j＼yＧ(Ｐ１)･゛ldso ｍｅ 1＼偏(j）1).　Thus ゛e　h゛ｅ
ｙＧ(j）1)≒％(弓)片
　Applying induction to MF ・it follows that 尺l°尺DMF　is conjugate to F ,
that is･ 尺1°F with an element Ｊ of Ｍ. From NJ弓)゜ＮＸ(弓)弓folloｗｓ
Ｎｏ(？j)∩尺゜尺1 and the intersection P∩£゛゛゜？/呪Ｇ°1･ 2･"゛μ) is ^-Sylow
subgroup ｏ１ふ where 札 G- = l,2,…,t) is a left residue system of 尺with respect
tｏ尺1.　Hence we have a *-Sylow subgroup q=p:×？l
-＼
×“‘×ｐ;ｎ.　P and
Ｑ are conjugate in Ｍ， so we put Q = P" with an element ｙ of M and find that
Ｋ.Ｆ”⊂j＼ら(Ｑ).Applｙing induction to Ｎｏ(Q) follows尺＝Ｆ” with an element
２ ０Ｉ　Ｎ＾(Q). Si°ilarly ゛ｅ can proｖｅ　Ｈ　＼sconjugate to F, so K is conjugate to
H. This complete the proof｡
　Theorem 2. Let　Ｍ be　ａ　normal　subgroup of　a　finite group　Ｇ with index
prime to its order. If G has a normal subgroup 尺with order prime to that of
Ｍ and G/RM is soluble, then all the representative groups are conjugate｡
　Proof. Let尺and Ｈ are two representative groups. Putting S＝尺∩RM, we
get SM =ＲＭ.Since R is normal in　ＲＭ　and the index is prime to its order,
we have Ｓ＝尺｡
　Applying Zassenhaus' Theorem to G/R it follows that Ｈ/Ｒ and K/R are
coniugate in G/R, that is, K=H'^ with an element m of M.
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